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Let G be a p-group of maximal class of order pm, p an odd prime, and m G 4.
In this work we reduce the construction of this group to the consideration of
Ž my 2 my2 my4 . w x Žcertain elements of Hom Rra n Rra , Rra , where R s Z x r 1S
py1 p. w x Ž . w x Ž .q ??? qx s Z x , a s x y 1 , and S s Z x r x y 1 . As an application of
this result we prove that if we consider in G the generators s, s , . . . , s1 my1
Ž .introduced by Blackburn, then the structure of G is determined by the p y 3 r2
w x Ž .commutators s , s for 1 F i F p y 3 r2 and the three integers 0 F u, ¤ , w Fi iq1
p u Ž . p ¤p y 1, where u and ¤ are defined by the condition s s s , ss s s , andmy 1 1 my1
w x cpw s c is the exponent of s in the commutator s , s s smy 1 my1 Ž py1.r2 Ž pq1.r2 p
??? scmy1, 0 F c F p y 1. Q 2000 Academic Pressimy1
1. PRELIMINARIES
In this work, G will denote a finite p-group of maximal class of order
pm, p being an odd prime number and m G 4. In addition, the following
notation will be used throughout this paper without further comment. For
i G 2, Y will be the ith term of the lower central series:i
i! # "
w xY s G, . . . , G .i
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Thus Y / 1 and Y s 1 for i G m. If we set Y s G and define Y bymy 1 i 0 1
Ž . < <the condition Y s C Y rY , it follows that Y : Y s p for i g1 G 2 4 i iq1
 40, . . . , m y 1 .
Ž .The degree of commutativity of G, c s c G , is defined as
c G s max k F m y 2 ‹ Y , Y F Y , for all i , j G 1 .Ž .  4i j iqjqk
w x ŽFollowing N. Blackburn 1 , we take a couple of elements s g G _ Y1
Ž .. w xjC Y and s g Y _ Y and define recursively s s s , s gG my2 1 1 2 i iy1
Y _ Y , for i s 2, . . . , m y 1.i iq1
w x ŽWe use the following notation: R and S are the rings R s Z x r 1
py1 p. w x w x Ž . w xq ??? qx s Z x and S s Z x r x y 1 s Z x ; a is the ideal of R˜
py1 j j< <generated by x y 1. We have that a s pR and Rra s p . The
following ring isomorphisms hold:
py1R ( Sr 1 q ??? qx , S ( Z C ,Ž .˜ p
py1
my jmyj iRra ( Sr S x q S x y 1 .Ž .˜ ˜Ýž /
is0
In addition, we can define in R n R an S-module structure by setting
x a n b s xa n xb , where a n b g R n R .Ž . Ž . Ž .˜
Since a is actually an S-submodule of R, we can similarly consider
Rra k n Rra k to be an S-module. In the exterior power R n R we
i j²Ž . Ž . :consider the S-submodules b s x y 1 n x y 1 ‹ i G k or j G k .k
Thus, we have the natural S-module isomorphism
R n R rb ( Rra k n Rra k .Ž . k
w x w xThe Lie product in a Lie ring will be denoted , , whereas , willL
Ž . Ž Ž ..be used to denote group commutators. Finally, G x, y resp., g x, y will1 1
Ž .be the Lie ring resp., the group generated by x and y, and for i G 2 we
Ž . Ž .define inductively G x, y and g x, y byi i
G x , y s G x , y , G x , y , g x , y s g x , y , g x , y .Ž . Ž . Ž . Ž . Ž . Ž .i 1 iy1 i 1 iy1L
In the next section we construct a correspondence between the p-groups
m Ž my 2of maximal class of order p and a certain subset of Hom Rra nS
my 2 my4.Rra , Rra . It will turn out that each of these groups is deter-
mined by the corresponding homomorphism and two additional integer
parameters.
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2. CONSTRUCTION OF THE CORRESPONDENCE
w xIt is proved in 7 that the subgroup Y of G has nilpotent class at most1
Ž . Ž w x.p q 1 r2 - p, so the Lazard correspondence see 2 allows us to define
w xon Y a structure of the Lie ring by means of two laws, q and , ,1 L
which in addition satisfy
w x w xx q y s xyt x , y , x , y s x , y t x , y 1Ž . Ž . Ž .L1 2
Ž . Ž . Ž . Ž .for suitable elements t x, y g g x, y and t x, y g g x, y . More-1 2 2 3
over, the group automorphism of Y induced by conjugation by the1
p Ž .element s is also a Lie ring automorphism. As s g Y : Z Y , thenmy 1 1
Ž .Y , q can be considered as an S-module if we set1
xt s t s for all t g Y .˜ 1
It is clear that Y is an S-submodule of Y for any i G 2. We note that thei 1
Ž . Ž .identity element in the additive group Y , q is the same as in Y , ? . We1 1
shall denote it by 0 or 1 depending on the context.
Ž .LEMMA 2.1. If t g Y _ Y , 1 F i F m y 2, then x y 1 t g Y _˜i iq1 iq1
Y .iq2
Ž .Proof. If t g Y _ Y , then by using 1 we havei iq1
x y 1 t s t s q yt s t s q ty1 s t s ty1 t t s , ty1Ž . Ž . Ž .˜ 1
w y1 x s y1s s, t t t , t g Y _ Y .Ž .1 iq1 iq2
LEMMA 2.2. For e¤ery i G 1, Y is a cyclic S-module generated by anyi
element t g Y _ Y .i iq1
Proof. We prove by decreasing induction that if t g Y _ Y , theni iq1
Y : St for all j G i, so that in particular Y s St is the S-submodulej i
 4generated by t. For j s m we have Y s 0 : St. Now, we suppose thatm
j G i and Y : St. We have to prove that any element u g Y _ Y is injq1 j jq1
Ž . jy iSt. By Lemma 2.1, f s x y 1 t g Y _ Y . Then, there exists n g Z˜ j jq1
n Ž .such that f u g Y . By using 1 , we obtain thatjq1
nf q u s f n q u s f nut f n , u g Y : St .Ž .1 jq1
Since f g St, we have that u g St.
LEMMA 2.3. We ha¤e the following S-module isomorphisms:
Y rY ( Rra my 2 , Y ( Rra my j for 2 F j F m y 1.1 my1 j
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my j Ž py1 i Ž .my j.Proof. We note that Rra ( Sr SÝ x q S x y 1 . We˜ ˜is0
Ž py1 i. sconsider the element u s Ý x s . Obviously, xu s u, that is, u s u,˜ ˜is0 1
Ž .whence u g Y because C s s Y as G is a p-group of maximalmy 1 Y my11
class. Let f : S “ Y rY be the S-epimorphism defined by the condi-1 my1
Ž .tion f 1 s s . Clearly, we have1
py1
my 2iS x q S x y 1 : Ker f ,Ž .˜ ˜Ý
is0
my 2therefore Y rY s Ss is an epimorphic image of Rra . Since both1 my1 1
Y rY and Rra my 2 have the same order, they are actually isomorphic.1 my1
In order to see the second part of the lemma we take an element
¤ g Y _ Y , 2 F j F m y 1, and consider the S-epimorphism f : S “ Yj jq1 ¤ j
Ž .s S¤ determined by the condition f 1 s ¤ . Note that¤
Y s S x y 1 s s x y 1 Y ,Ž . Ž .˜ ˜2 1 1
Ž py1 i. Ž py1 i. Ž .my jso Ý x Y s 0, whence Ý x Y s 0 for j G 2. As x y 1 Y s˜ ˜ ˜is0 2 is0 j j
py1 i Ž .my j0 we conclude that SÝ x q S x y 1 is contained in Ker f and f˜ ˜is0 ¤ ¤
Ž py1 i Ž .my j.induces an S-epimorphism from Sr SÝ x q S x y 1 onto Y .˜ ˜is0 j
Again, the equality of orders implies that this is indeed an isomorphism of
modules.
Ž .By using 1 , we get
w xY , Y : Y and Y , Y : Y for i q j ) 3. 2Ž .1 1 4 i j iqjL L
w x w x  4 w xIn particular, if t g Y , then t, Y s Y , t s 0 and , can bemy 1 1 L 1 L L
viewed as a map from Y rY n Y rY into Y . We denote by f and1 my1 1 my1 4 1
f the isomorphisms between Y rY and Rra my 2 and Y and Rra my 42 1 my1 4
constructed in the last lemma, namely,
f : Y rY “ Rra my 21 1 my1
my 2f x s ‹ f x q a ,Ž . Ž .˜ 1
f : Y “ Rra my 42 4
3 my4f x x y 1 s ‹ f x q a ,Ž . Ž . Ž .˜ ˜ 1
Ž . my 2 my2 my4where f x g S. We now define a : Rra n Rra “ Rra by˜
w x y1 y1a s f ( , ( f n f .Ž .L2 1 1
p-GROUPS OF MAXIMAL CLASS 481
Since multiplication by x is a Lie ring automorphism, we have˜
a xa n xb s xa a n b for all a, b g Rra my 2 ,Ž . Ž .˜ ˜ ˜
Ž my 2 my2 my4.which means that a g Hom Rra n Rra , Rra . Put h sS
3 my2Ž .x y 1 q a . The homomorphism a satisfies two additional proper-
ties: On the one hand, Jacobi’s identity on Y implies that1
a a a n b h n c q a a c n a h n bŽ . Ž .Ž . Ž .Ž Ž
q a a b n c h n a s 0, 3Ž . Ž .Ž .Ž
my 2 w xfor all a, b, c g Rra , and on the other hand, the inclusion Y , Y :i j L
Y means thatiq j
a a ira my 2 n a jra my 2 : a Ž iqjy2.ra my 4 for i q j ) 1. 4Ž .Ž .
Of course, the homomorphism a depends on s and s . When we want to1
emphasize this fact, we shall write a instead of a .ŽG, s, s .1
Conversely, we suppose now that we have three integers u, ¤ , m G 4
Ž my 2 my2 my4.and a homomorphism a g Hom Rra n Rra , Rra satisfy-S
Ž . Ž .ing 3 and 4 . We want to construct a p-group of maximal class G of
m Ž Ž ..order p such that there exist s g G _ Y j C Y and s g Y _ Y ,1 G my2 1 1 2
satisfying the rules:
p u Ž . p ¤1. s s s and ss s s ,my 1 1 my1
2. a s a .ŽG, s, s .1
Set M s Rra my 1. We can define on M a Lie ring structure by setting
w x my 2 my1 my2 my1a, b s a a q a ra n b q a raŽ . Ž .Ž .L
3 my1= x y 1 q a for all a, b g M .Ž .Ž .
Ž .Jacobi’s identity follows from 3 , and antisymmetry is a consequence of
the properties of the exterior power.
LEMMA 2.4. M is a nilpotent Lie ring with nilpotency class less than or
Ž .equal to p q 1 r2.
Proof. For 1 F i F m, set M s a iy1ra my 1 and set M s 0 for i ) m.i i
We define
c s c M s max k F m y 2 ‹ M , M : M for all i , j G 1 .Ž .  4i j iqjqkL
my 1Ž .We note that c G 0 by 4 . We set M s [ M rM and turn M intois1 i iq1
a Lie algebra as follows: if a g M _ M and b g M _ M , we definei iq1 j jq1
w xa q M , b q M s a, b q M g M rM .Liq1 jq1 iqjqcq1 iqjqc iqjqcq1L
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Of course, the additive group M rM has order p and is generated byi iq1
iy1 my1ŽŽ . .m s x y 1 q a q M . For i q j q c F m y 1 we seti iq1
w xm , m s a m ,i j i , j iqjqcL
where a g F . If the equality in M,i, j p
iy1 jy1my1 my1x y 1 x y 1 q a , x y 1 q aŽ . Ž . Ž .˜ L
iy1 jmy1 my1s x y 1 q a , x y 1 q aŽ . Ž .
L
i jy1my1 my1q x y 1 q a , x y 1 q aŽ . Ž .
L
i jmy1 my1q x y 1 q a , x y 1 q a ,Ž . Ž .
L
is read modulo M , it becomes a s a q a for i q j qiq jq2qc i, j i, jq1 j, iq1
1 q c F m y 1.
py1 pŽ . Ž .On the other hand, since yp s x y 1 mod a , then for i q j q
p y 1 q c F m y 1,
iqpy2 jy1my1 my1x y 1 q a , x y 1 q aŽ . Ž .
L
iy1 jy1my1 my1’ yp x y 1 q a , x y 1 q aŽ . Ž .
L
py1 iy1 jy1my1 my1’ x y 1 x y 1 q a , x y 1 q aŽ . Ž . Ž .
L
mod M ,Ž .iq jqpqc
which means that a s a .i, j iqpy1, j
Thus, the above algebra M is of the same type as the one considered by
w xShepherd in 7 and therefore, arguing as he does, it follows that the
Ž .nilpotency class of M is less than or equal to p q 1 r2.
From the above lemma, we conclude that the nilpotency class of M is
less than p and so we can apply the Lazard correspondence and define in
M a group operation which, in addition, satisfies the condition
w xxy s x q y q x , y r2 q t x , y , 5Ž . Ž .Ž .L 3
Ž . Ž .where t x, y g G x, y . We also have3 3
w x w xx , y s x , y q t x , y , 6Ž . Ž .L 4
Ž . Ž .with t x, y g G x, y .4 3
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Since multiplication by x is an automorphism of the Lie ring M, it is˜
also a group automorphism of M. We denote it by s. Then, s p s 1 because
p ² :x s 1. We define H as the relative holomorph of M by s . H is a˜
Ž . ² : 2p-group of maximal class because C s s s, M has order p . If weH my1
my 1 w xset s s 1 q a , then a s a . Now, reasoning as in 5, p. 178 ,1 ŽH , s, s .1
beginning with the group H, we can construct another p-group of maximal
m Ž Ž ..class G of order p for which there exist s g G _ Y j C Y and1 G my2
s g Y _ Y , such that1 1 2
p u Ž . p ¤1. s s s and ss s s ,my 1 1 my1
2. a s a .ŽG, s, s .1
This proves the existence part in the following result.
THEOREM 2.5. Let u, ¤ and m G 4 be gi¤en integers and a g
Ž my 2 my2 my4. Ž . Ž .Hom Rra n Rra , Rra satisfying 3 and 4 . Then thereS
exists one and only one p-group of maximal class G of order pm such that for
Ž Ž ..some s g G _ Y j C Y and s g Y _ Y , the following equalities1 G my2 1 1 2
hold:
p u Ž . p ¤1. s s s and ss s s ,my 1 1 my1
2. a s a .ŽG, s, s .1
Besides, any p-group of maximal class with order pm, m G 4, arises in this
way for some choice of u, ¤ , and a .
Proof. Only uniqueness needs to be proved. Suppose that there exists
another p-group of maximal class H of order pm such that for some
Ž Ž . Ž Ž ... Ž . Ž .w g H _ Y H j C Y H and w g Y H _ Y H , the following1 H my2 1 1 2
holds:
p u Ž . p ¤1. w s w and ww s w ,my 1 1 my1
2. a s a .ŽH , w , w .1
w xOf course, we set here w s w , w for i ) 1.i iy1
We know from Lemma 2.3 that the application
f : Y G “ Y HŽ . Ž .2 2
f x x y 1 s ‹ f x x y 1 wŽ . Ž . Ž . Ž .˜ ˜ ˜ ˜1 1
is an S-isomorphism. We need the following lemma.
Ž . Ž .LEMMA 2.6. Let t x, y be a word in G x, y . Then for any a, b g S,2
Ž Ž .. Ž .f t as , bs s t aw , bw .1 1 1 1
JAIKIN-ZAPIRAIN AND VERA-LOPEZ´484
Proof. Let t be the natural projection of S n S onto Rra my 2 n
Rra my 2. Since a s a , we obtain thatŽG, s, s . ŽH , w , w .1 1
3w xf as , bs s f a t a n b x y 1 sŽ . Ž .Ž . ˜Ž . ž /1 1 ŽG , s , s . 1L 1
3 w xs a t a n b x y 1 w s aw , bw ,Ž . Ž .Ž . ˜ŽH , w , w . 1 1 1 L1
so the proof follows by an easy induction on the weight of t.
Hence, in particular, f is a Lie ring isomorphism and also a group
isomorphism. Now, we prove by induction that for each i G 1 there exists
f g S such that s s f s and w s f w . If i s 1 we are done. Suppose thati i i 1 i i 1
it holds for i s k. Then we have
y1w xs s s , s s f s xf sŽ . Ž .˜kq1 k k 1 k 1
yf s , xf s˜k 1 k 1 Ls yf s q xf s q q t yf s , xf s ,Ž .˜ ˜k 1 k 1 3 k 1 k 12
and a similar equality can be written for w . Hence, by Lemma 2.6,kq1
Ž .f s s w . Note that it is equivalent to the existence of an elementkq1 kq1
f g S such that s s f s and w s f w , which is what wekq1 kq1 kq1 1 kq1 kq1 1
Ž .had to prove in order to complete the induction. Now, using 6 and
Žw x. w x Žw x.Lemma 2.6, we obtain that f as , bs s aw , bw and thus f s , s1 1 1 1 i j
w x Žs w , w for all i, j G 1 of course, this is clear for i, j ) 1 since f is ai j
Ž . Ž ..group isomorphism between Y G and Y H .2 2
w x ciq j, i, j cmy 1, i, jLet s , s s s ??? s . Since f is a group isomorphism, theni j my1iqj
w x ciq j, i, j cmy 1, i, jw , w s w ??? w . Note that the group G is determined up toi j my1iqj
isomorphism by the relations
pp u ¤ c ciq j , i , j my1 , i , jw xs s s , ss s s , s , s s s ??? sŽ .my 1 1 my1 i j my1iqj
because the powers s p can be computed from them by using P. Hall’si
compilation formula. Since the group H can be generated by elements
satisfying exactly the same relations, we conclude that G and H are
isomorphic groups.
Remark 2.7. Indeed, in the last theorem we have proved that there is
Ž . Ž .an isomorphism t : G “ H such that t s s w and t s s w .1 1
w xRemark 2.8. The construction given in 5 when Y is of class 2 can be1
considered as a particular case of the above theorem.
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3. RELATIONS DEFINING A p-GROUP
OF MAXIMAL CLASS
As we mentioned at the end of the last theorem, a p-group of maximal
p Ž . pclass G is determined once we know the p-powers s and ss and the1
w xcommutators s , s . In this section we shall prove that it is actuallyi j
w xenough to specify the values of the commutators s , s for 1 F i Fi iq1
Ž . p u Ž . pp y 3 r2 and the parameters u, ¤ , and w defined by s s s , ssmy 1 1
s s¤ , andmy 1
w x cp cmy 2 ws , s s s ??? s s , 0 F c F p y 1.Ž py1.r2 Ž pq1.r2 p my2 my1 i
We recall that, in addition to the group operation, we have defined in the
w xsubgroup Y two laws, q and , , and also an S-module structure. We1 L
maintain the notation of the preceding section and, in particular, a will be
Ž my 2 my2 my4.the homomorphism a g Hom Rra n Rra , Rra . WeŽG, s, s . S1
Ž . iy1define the elements w s s and w s x y 1 w for i ) 1. It is easy to˜1 1 i 1
prove that w q Y s s q Y , and, in particular, w s s .i iq1 i iq1 my1 my1
w xThe structure of R n R was studied in 5 . It was proved that R n R is
Ž .the direct sum of a free S-module F of rank p y 3 r2, freely generated
i iy1Ž . Ž . Ž . 4by x y 1 n x y 1 ‹ 1 F i F p y 3 r2 , and a cyclic module gener-
w xated by an element z on which x acts trivially. In 5, Proposition 5.6 an˜
element z was given explicitly. We also consider the element z s1
Ž y1 .Ž .f ( a z q b g Y .2 my2 4
Ž . Ž . my 5 my4Since x y 1 z s 0, it follows that a z q b g a ra and˜ my 2
z g Y . Consequently, there exists 0 F g F p y 1 such that1 my1
my 5 my4 ga z q b s g x y 1 q a , z s g w s s . 7Ž . Ž . Ž .my 2 1 my1 my1
Ž .It is clear that if G ( HrY H for some p-group of maximal class H ofm
order at least pmq 1 then g s 0.
Ž .Finally, for each integer k, we write k s k p y 1 q k with 0 F k F1 2 2
p y 2 and define the ideal I of S ask
S if k F 0,¡
kk k q121 1~Sp x y 1 q Sp if k ) 0 and k / 0,Ž .˜I s 2k
py1k k y1¢ 1 1Sp q Sp x y 1 if k ) 0 and k s 0.Ž .˜ 2
We need the following lemma.
iy1 iŽ . Ž . ŽLEMMA 3.1. Let n ) 0, t s x y 1 n x y 1 for 1 F i F p yi
Ž py3.r2 Ž py1.r2. Ž . Ž .3 r2 and t s x y 1 n x y 1 or t s z. ThenŽ py1.r2 Ž py1.r2
there exist c g I such thati qqwq1y2 i
Ž .py1 r2
q w
x y 1 n x y 1 q b s c t q b . 8Ž . Ž . Ž .Ýn i i n
is1
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Ž py3.r2 Ž py1.r2Ž . Ž .Proof. If t s x y 1 n x y 1 , then the lemmaŽ py1.r2
w xfollows from 6, Corollary 8.6 .
Ž py1.r2 Ž py3.r2w x Ž . Ž .By 5, Proposition 5.6 , z ’ x y 1 n x y 1 mod C
py1y2 iŽ . Žwhere C is an S-submodule of R n R generated by x y 1 x y˜
iy1 i. Ž . . Ž . 41 n x y 1 ‹ i s 1, . . . , p y 3 r2 . Hence the lemma is also true
when t s z.Ž py1.r2
Ž .In the following, when we write the triple G, s, s we understand that1
m Ž Ž ..G is a p-group of maximal class of order p , s g G _ Y j C Y ,1 G my2
and s g Y _ Y . Also, when we work with a group G9 we write all the1 1 2
notation related to this group with a 9. In particular, a 9 will be the
homomorphism a X .ŽG9, s9, s .1
First we prove the following theorem.
THEOREM 3.2. Let G be a p-group of maximal class of order pm and u, ¤ ,
Ž .g be gi¤en integer numbers. Let ¤ , 1 F i F p y 3 r2, be words ini
s , . . . , s and suppose the relations2 iq1 my1
s p s su ,my 1
p ¤ss s s ,Ž .1 my1
w xs , s s ¤ , 1 F i F p y 3 r2,Ž .i iq1 i
z s sg ,1 my1
Ž X .hold. Then, for any triple G9, s9, s that satisfies the same conditions we1
ha¤e a X s a and, in particular, G9 is isomorphic to G.ŽG9, s9, s . ŽG, s, s .1 1
Ž X .Proof. Suppose now that we have a triple G9, s9, s such that1
p uXs9 s s ,Ž . Ž .my 1
p ¤X Xs9s s s ,Ž . Ž .1 my1
w X X x X Xs , s s ¤ s , . . . , s , 1 F i F p y 3 r2,Ž . Ž .i iq1 i 2 iq1 my1
a 9 z q b s a z q b .Ž . Ž .my 2 my2
We want to prove that a s a 9. We proceed by induction on m. When
m s 4, it is obvious. We suppose we have proved the claim for m y 1 and
we shall prove it for m.
If we apply the inductive hypothesis to the groups GrY and G9rY Xmy1 my1
X Xwe obtain that a s a and soŽG r Y , s, s . ŽG9r Y , s9, s .my 1 1 my1 1
a ’ a 9 mod a my 5ra my 4 . 9Ž .Ž .
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First we shall prove that if i q j G p y 3 then
i jmy2 my2a x y 1 q a n x y 1 q aŽ . Ž .Ž .
i jmy2 my2s a 9 x y 1 q a n x y 1 q a . 10Ž . Ž . Ž .Ž .
Using Lemma 3.1, we obtain that
i jx y 1 n x y 1 q bŽ . Ž . my 2
Ž .py3 r2
ky1 ks c x y 1 n x y 1 q c z q b , 11Ž . Ž . Ž .Ý k Ž py1.r2 my2
ks1
Žfor some c g I . Since i q j G p y 3, then c g I for 1 F k F pk iqjq1y2 k k 1
. Ž my 5.y 3 r2. It is clear that if a, b g R, c g I , and a ’ b mod a then1
Ž my 4. Ž .ca ’ cb mod a . Therefore, by applying a and a 9 to 11 and using
Ž . Ž .9 we obtain 10 .
We prove now by simultaneous decreasing induction on k G 1 the
following two claims:
Ž . Ž .kq1P For every i G k q 2 there exists f g x y 1 S such that˜k i
s s f w and sX s f wX .i i 1 i i 1
i my2 j my2Ž . ŽŽ . Ž . .Q If i q j G k then a x y 1 q a n x y 1 q a sk
i my2 j my2ŽŽ . Ž . .a 9 x y 1 q a n x y 1 q a .
Ž .The basis of our induction is 10 , which simply says that Q is true fork
k G p y 3. Also, we have that P is true for k s m y 3. Note that Q isk k
equivalent to
Ž . w xR If i q j G k q 2 then there exists h g S such that w , wk i, j i j L
w X X x Xs h w and w , w s h w .i, j 4 i j L i, j 4
We need the following lemma.
Ž . Ž .LEMMA 3.3. Suppose Q holds and let t x, y be a word in G x, y . Letk 2
i j Ž .h g a , h g a , i q j G k, and suppose also that r ’ h w mod Y ,1 2 1 1 1 my1
Ž . X X Ž X . X X Ž X .r ’ h w mod Y , r ’ h w mod Y , and r ’ h w mod Y .2 2 1 my1 1 1 1 my1 2 2 1 my1
Ž .kq1 Ž . Ž X X .Then there exists h g x y 1 S such that t r , r s hw and t r , r s˜ 1 2 1 1 2
hwX .1
w x Ž my 2 my2 .Proof. Note that r , r s a h q a n h q a w , so the1 2 L 1 2 4
proof follows by an easy induction on the weight of t.
 4Now we prove that if k G 2, then P , Q « P . Suppose that i G kk k ky1
Ž . Ž y1 . Ž Žq 1. By 5 , we have that there exists t g G s , xs s G s , x y˜ ˜2 iy1 iy1 2 iy1
. .1 s such thatiy1
y1 s y1 s y1 s y1 ss s s s s s q s q s , s r2 q t s , sŽ .Ž .i iy1 iy1 iy1 iy1 iy1 iy1 3 iy1 iy1L
s x y 1 s q t .Ž .˜ iy1
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X X Ž . XWe can write the same equality for s : s s x y 1 s q t9. Since˜i i iy1
iy2
X Xa s a , there exists g g a such that s ’ŽG r Y , s, s . ŽG9r Y , s9, s . iy1 iy1my 1 1 my1 1
Ž . X X Ž X . Ž .g w mod Y and s ’ g w mod Y . Hence x y 1 s s˜iy1 1 my1 iy1 iy1 1 my1 iy1
Ž . Ž . X Ž . Xg x y 1 w and x y 1 s s g x y 1 w . We can apply Lemma 3.3˜ ˜ ˜iy1 1 iy1 iy1 1
because i y 2 q i y 1 G 2k y 1 G k so that t s hw and tX s hwX for1 1
Ž .kq1some h g x y 1 S. This proves P .˜ ky1
 4Finally, we prove that if 1 F k F p y 4, then Q , P « Q . Letkq1 k k
k q 2 F 2 l q 1 F p y 2. We have
w x w X X x X Xs , s s ¤ s , . . . , s , s , s s ¤ s , . . . , s .Ž . Ž .l lq1 l 2 lq1 my1 l lq1 l 2 lq1 my1
Ž .Applying P , 5 , and Lemma 3.3 to the right-hand side of these equalities,k
Ž .kq1 w xwe obtain that there exists an h g x y 1 S such that s , s s h w˜l l lq1 l 1
w X X x Xand s , s s h w .l lq1 l 1
On the other hand,
w x w x w xs , s s s , s q t s , s s w , w q t ,Ž .l lq1 l lq1 4 l lq1 l lq1L L
w X X x w X X xs , s s w , w q t9,l lq1 l lq1 L
w x w x w xwhere t s s y w , s y w q w , s y w q s y w , wl l lq1 lq1 L l lq1 lq1 L l l lq1 L
Ž .q t s , s . We can apply Lemma 3.3 to each summand of t to conclude4 l lq1
Ž .kq1that there exists g g x y 1 S such that˜l
w x w X X x Xw , w s g w , w , w s g w , 12Ž .l lq1 l 1 l lq1 l 1L
ly1 my2 l my2ŽŽ . Ž . .which yields the equality a x y 1 q a n x y 1 q a s
ly1 my2 l my2ŽŽ . Ž . . Ž .a 9 x y 1 q a n x y 1 q a . Hence Q follows from 11 .k
This proves the theorem because Q means that a s a 9.1
Now we can prove the result announced at the beginning of this section.
THEOREM 3.4. Let G be a group of maximal class of order pm, and u, ¤ ,
Ž .w be gi¤en integer numbers. Let ¤ , 1 F i F p y 3 r2, be words ini
s , . . . , s . Suppose the relations2 iq1 my1
s p s su ,my 1
p ¤ss s s ,Ž .1 my1
w xs s s , s , i ) 1,i iy1
w xs , s s ¤ , 1 F i F p y 3 r2,Ž .i iq1 i
w x cp cmy 2 whold and also that s , s s s ??? s s for some 0 F cŽ py1.r2 Ž pq1.r2 p my2 my1 i
Ž X .F p y 1. Then, for any triple G9, s9, s that satisfies the same conditions we1
ha¤e a X s a and, in particular, G9 is isomorphic to G.ŽG9, s9, s . ŽG, s, s .1 1
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Ž X .Proof. Suppose now that there exists a triple G9, s9, s such that1
p uXs9 s s ,Ž . Ž .my 1
p ¤X Xs9s s s ,Ž . Ž .1 my1
w X X x X Xs , s s ¤ s , s , 1 F i F p y 3 r2,Ž . Ž .i iq1 i 1
wb bX X X X Xp my2w xs , s s s ??? s s ,Ž . Ž . Ž .Ž py1.r2 Ž pq1.r2 p my2 my1
where 0 F b F p y 1.i
X XBy the previous theorem we have that a s a .ŽG r Y , s, s . ŽG9r Y , s9, s .my 1 1 my1 1
Hence, by Remark 2.7, we obtain that b s c for p F i F m y 2. As in thei i
previous theorem we can prove the statement Q and P . Then therepy1 py2
w x w X X xexists h g S such that s , s s hw and s , s sŽ py1.r2 Ž pq1.r2 4 Ž py1.r2 Ž pq1.r2
X Ž .hw . Now using the same argument as in the proof of 12 we obtain that4
Ž py3.r2 my2 Ž py1.r2 my2 Ž py3.r2ŽŽ . Ž . . ŽŽ .a x y 1 q a n x y 1 qa sa 9 x y 1 q
my 2 Ž py1.r2 my2Ž . .a n x y 1 q a .
w xBy 5, Proposition 5.6 , there exist d g I such thatk py1y2 k
Ž .py1 r2
ky1 kz s d x y 1 n x y 1 . 13Ž . Ž . Ž .Ý k
ks1
Ž . Ž . Ž .Therefore by applying a and a 9 to 13 we obtain that a z s a 9 z and,
by the previous theorem, a s a 9.
It should be remarked that this theorem has been proved by Shepherd
w xin 8 using different methods under the hypotheses m F 2c q p or Y of1
class 2.
COROLLARY 3.5. Let T be the number of p-groups of maximal class ofm
order pm. Then
pŽm r2.q3 if p s 5
T Fm Žmqpy6.Ž py3.r4q3½ p if p ) 5.
Proof. We know that if p s 5, then m F 2c q 6, and if p ) 5 then
w xm F 2c q 2 p y 5 3 . By above theorem we obtain the result desired.
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